We investigate the effect of Z 2 magnetic monopoles on the finite temperature deconfinement phase transition in the fundamental-adjoint SU (2) lattice gauge theory. In the limit of complete suppression of these monopoles, the mixed action for the SU (2) theory in its Villain form is shown to be self-dual under the exchange of the fundamental and adjoint couplings. The self-duality and our Monte Carlo simulations on lattices with temporal extensions of 4 and 6 establish straight line trajectories of second order deconfinement phase transition in the entire plane of the fundamental and adjoint couplings. This suggests that the apparent change in the order of the deconfinement transition as well as the existence of the tricritical point in the extended coupling plane, found earlier by both Monte Carlo simulations and strong coupling expansion, are due to the influence of Z 2 magnetic monopoles. The universality of the SU (2) deconfinement phase transition with the Ising model is therefore expected to remain intact in the continuum limit. The self-duality arguments are also applicable to the Villain form of mixed action for the SU (N ) theory with Z N magnetic monopoles.
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INTRODUCTION
Confinement of the non-abelian color degrees of freedom has been one of the outstanding problems in physics. The mechanism of color confinement in gauge theories is widely believed to be the condensation of magnetic monopoles 3 . This nonperturbative phenomenon can be better understood by quantizing the gauge theories on lattice. Although, this quantization procedure is not unique, different ways of defining the gauge theories on lattice are expected to lead to the same physics when the continuum limit of vanishing lattice spacing is taken. In the strong coupling region, however, where the coupling constant and lattice spacing is relatively large, it is expected that lattice artifacts will usually change the physics. Often such changes are purely quantitative in nature: the string tension or the hadron spectra exist in the strong coupling expansion but their dependence on the coupling changes as one goes to the asymptotic scaling region. By incorporating higher order corrections in the coupling constant, one can hope for a larger scaling region where the quantitative differences due to artifacts smoothly disappear with decreasing lattice spacing. However, the lattice artifacts can affect physics even qualitatively and can lead to various paradoxes if not properly understood. The simplest known and well understood example is compact lattice quantum electrodynamics (CLQED). The CLQED has magnetic monopoles which arise due to the compact nature of the U(1) gauge fields. In the strong coupling region their condensation gives rise to a confining phase where electric charges feel a linear potential: V(r) = constant r. This is well known as the dual Meissner effect. The theory undergoes a first order phase transition at intermediate value of electric charges. Beyond this transition, the compact nature of the gauge fields becomes redundant, making magnetic monopoles as irrelevant degrees of freedom and the standard Coulomb potential, V(r) = constant × r −2 , is recovered. Thus physical laws with a large lattice spacing can be drastically different in nature than in the continuum limit. To the best of our knowledge, no such example exists in non-abelian lattice gauge theories. We will discuss below a similar phenomenon in SU(2) lattice gauge theory which is due to Z 2 magnetic monopoles.
In non-abelian lattice gauge theories, many quantitative tests of the universality of the continuum limit have been carried out in the past. In particular, the fundamental-adjoint SU(2) action [3] has been extensively studied [2, 4, 5, 6] in this context due to its rich phase structure, shown in Fig. 1 by solid lines of bulk phase transitions. These phase boundaries were established by Monte Carlo simulations on small (4 4 -5 4 ) lattices with periodic boundary conditions [3] . Since lattices of small temporal sizes, N τ , with temporal periodic boundary conditions imply significant finite temperature effects, we argued [7] that the phase diagram in Fig. 1 with only bulk boundaries was incomplete: it must have lines of deconfinement phase transition for different N τ . Subsequently, we located the the deconfinement transition lines [7, 8, 9] in Fig. 1 . Along the Wilson axis (β a = 0.0), the deconfinement transition has been very well studied. Monte Carlo simulations have established i) a scaling behaviour [10] for the critical coupling, and thus an approach to the continuum limit, and ii) a clear second order deconfinement phase transition with critical exponents [11] in very good agreement with those of the three dimensional Ising model. These provided an explicit verification of the Svetitsky and Yaffe [12] universality conjecture. The phase diagram of the mixed SU(2) lattice gauge theory. The solid lines are from Ref. [3] . The dotted(thick-dashed) lines with hollow(filled) symbols are the second(first) order deconfinement phase transition lines [7, 8, 9] on N τ =2 (circles) and 4 (squares) lattices.
The continuum physics should not depend upon the group representation chosen to describe the dynamical variables. Therefore it is expected that the adjoint SO(3) coupling (β A ) (see Section 2) will be irrelevant in the continuum limit of the mixed SU(2)-SO(3) action. From our work [7, 8, 9] on the mixed action at non-zero temperatures, we, however, found the following surprising results: a] The transition remained second order in agreement with the Ising model exponents up to β A ≈ 1.0 but it became definitely first order for larger β A . The order parameter for the deconfinement phase transition became nonzero discontinuously at this transition.
b] There was no evidence of a second separate bulk transition.
Similar results were also obtained with a variant Villain form for the SU(2) mixed action [13] and for the SO(3) lattice gauge theory [14] . These issues were also investigated [15] in the case of the SU(3) extended lattice gauge theory. These results led to many paradoxes [7, 8] . The most important one amongst them is the change in the qualitative properties of the deconfinement transition. These qualitative violations must be distinguished from the quantitative violations of universality found earlier in [17] . The latter disappear as the lattice spacing is reduced to zero and higher order corrections in g 2 u are included [18, 19, 20] . This will obviously not be the case for any qualitative disagreements like the one mentioned above for the universality of the SU(2) deconfinement transition with the Ising model. While the change in the order of the deconfinement phase transition was found on lattices with a variety of different temporal sizes, only one transition was found in each case at which the deconfinement order parameter became non-zero. This led to the suspicion that the bulk line was misidentified and was actually a deconfinement line. On the other hand, the transition at larger β a shifted very little, even as the temporal lattice size was increased up to 16. One expects the deconfinement transition to move to larger couplings as N τ becomes larger. A lack of shift was therefore more in tune with it being a bulk transition. Direct numerical [21] and analytical [22] evidences for the presence of the bulk transition were also obtained. A possible way out was to blame the small temporal extent of the lattices used. Nevertheless, if a universal result exists in the a → 0 limit, then the tricritical point T, where the deconfinement phase transition changes its nature from second order (thin dotted lines in Fig. 1 ) to first order (thick dotted lines in Fig. 1 ), must not be seen in the continuum limit. Therefore, one expects that the tricritical point will move rapidly towards the upper right corner (β → ∞, β a → ∞) of Fig. 1 as the lattice size increases. In the continuum limit, the deconfinement transition will then be second order and its universality with Ising model will be recovered. However, in [9] we found that on going from N τ = 2 to 4 the tricritical point moved towards lower values of the adjoint coupling. Studying the shapes of the histogram and invoking Polyakov loop effective potential arguments [9] , we concluded that the tricritical point moved slowly upwards, if at all, on going from N τ = 4 → 6 → 8 lattices 4 . In this paper, we take a different approach in an attempt to resolve these paradoxes. While larger temporal lattices could perhaps be used to solve them by brute force, a physical understanding of the universality of the continuum limit of the SU(2) lattice gauge theory clearly requires an insight into the origin of the first order deconfinement transition and the tricritical point. In particular, one needs to a) identify the degrees of freedom which cause this unexpected change in the order of the deconfinement transition, b) study whether these degrees of freedom are relevant or irrelevant in the continuum limit. Towards this end, we investigate the effect of topological Z 2 magnetic monopoles on the deconfinement transition line in the extended (β, β a ) coupling plane. By adding a chemical potential term for these monopoles, we show that the the onset of the first order deconfinement transition beyond the tricritical point is due to their dominant presence: no first order deconfinement phase transition exists in the limit of large chemical potential which suppresses these monopoles. In the past these Z 2 degrees of freedom have been studied in the context of bulk transitions in the extended model and cross over phenomenon along the Wilson axis (β A = 0) [23, 24, 25, 26] and for the SO(3) gauge theory [2] . We propose to use them for the study of deconfinement phase transition and for the entire (β, β a ) plane.
We find it convenient to use the Villain form of the mixed SU(2) action for our studies (see Section 2). Using Monte Carlo simulations and analytical methods in the limit where these topological Z 2 degrees of freedom, which are believed [27] to be irrelevant in the continuum limit 5 , are completely frozen, we find:
The model is self-dual under the exchange of the fundamental and adjoint couplings and thus ruling out any odd number of the tricritical points where the deconfinement transition changes its order.
2. Our Monte Carlo simulations on N τ = 4 and 6 lattices with λ=10 yield a selfdual second order deconfinement transition line in the coupling plane, where λ is the chemical potential for the monopoles (see (10) for its definition).
The plan of our paper is as follows: In Section 2, we define the mixed action and its Villain form. We also briefly introduce Z 2 magnetic monopoles for the sake of fixing our notations. In Section 3, we discuss the self-duality of the model when Z 2 monopoles are completely suppressed. These self-duality arguments are easily extended to SU(N), ∀N. In Section 4, we present and discuss the data obtained by Monte Carlo simulations. In Section 5, we discuss our results and their consequences to SU(N) extended gauge theories where the abrupt behaviour of the observables in the cross-over region of the Wilson axis is even less understood. We conclude with a brief summary of the results.
THE MODEL AND THE OBSERVABLES
The partition function with the extended form of the Wilson action considered by Bhanot and Creutz is
Here
denotes the directed product of the basic link variables which describe the gauge fields, U µ (n), around an elementary plaquette p. F and A denote that the traces are evaluated in fundamental and adjoint representations respectively. Comparing the naive classical continuum limit of (1) with the standard SU(2) Yang-Mills action, one obtains
Here g u is the bare coupling constant of the continuum theory. Introducing another coupling θ, defined by tan θ = β A /β, the asymptotic scaling relation [29] for this action is
where
Here β 0 and β 1 are the usual first two universal coefficients of the β function for the SU(2) gauge theory: they do not depend on θ. The eqns. (2) and (3) show that the introduction of a non-zero β A , leads merely to a different g u and a correspondingly different value for the scale Λ(θ). This establishes the universality of the extended action (1) with the Wilson action (β A = 0) in perturbation theory.
To study Z 2 magnetic monopoles, it is more suitable to consider the Villain form of (1). In the Villain form the SU(2) center symmetry of the SO(3) part of the action is taken care of by an additional Z 2 plaquette field σ p . Its partition function, Z v , is given by:
As mentioned earlier, this form was used in [13] for studies similar to ours. Indeed, apart from changes in numerical values of the couplings, the results were identical, leading to essentially the same diagram as in Fig. 1 . The main advantage of the Villain form is that the dynamical excitations corresponding to the Z 2 topological degrees of freedom, both magnetic and electric in nature, become visible [2] in the partition function. In particular, it provides a better control over them and their contributions to any physical phenomenon. Furthermore, one can use a heat bath algorithm for the updates of both the link variables, U µ (n), and the plaquette variables, σ p .
The Z 2 magnetic monopoles and Z 2 electric charges are obtained through the plaquette field σ p ≡ σ µν as follows. We first define the Z 2 field strength tensor F µν by
The Z 2 magnetic (electric) currents σ c (σ l ) over a cube c (link l) located at a lattice site n and oriented along (µ, ν, λ) (µ) directions are defines as follows 6 :
In (7) ∂ and∂ stand for boundaries and co-boundaries of the cube c and the link l respectively. The Z 2 electric current J [l] and magnetic current M [c] are:
The currents σ [c] and σ [l] in (8) are the sources of the Z 2 monopoles and Z 2 strings respectively. We extract the standard electric and magnetic currents by the identification:
, where the magnetic current M µ (n) is defined on the link µ which is dual to the cube [c]. Using (7) and (8), we recover the Maxwell equations in the standard form:
In (9), ∆ µ (n) is the lattice difference operator in the µ th direction. It is clear from (7) that the Z 2 magnetic and electric charge definitions are dual to each other and the partition function (5) is trivially self-dual under their exchange.
In order to control the effects of these Z 2 magnetic monopoles we add a term proportional to the Z 2 magnetic 7 monopole charge in (5) :
Thus Z v λ→∞ describes the Villain form of the mixed partition function with all Z 2 magnetic monopoles suppressed. Further, the formal continuum limit is left unchanged by the addition of λ term in (10) . In the following, we will consider the above action at finite temperature and study the effects of the Z 2 monopoles on the deconfinement transition.
The order parameter for the deconfinement transition is the Polyakov loop [30] defined by
Here U 0 ( n, τ ) is the time-like link at the lattice site ( n, τ ), N τ is the number of lattice sites in the temporal direction with periodic boundary conditions. Due to periodic boundary condition in the time-like direction at finite temperature the actions of (5) and (10) have a Z 2 global invariance corresponding to the center of the gauge group:
Under the Z 2 symmetry transformations (12), the Polyakov loop changes by
Therefore, a non-vanishing expectation value of the Polyakov loop signals the spontaneous breaking of the Z 2 global symmetry. This spontaneous symmetry breaking signals [30] deconfinement of static SU(2) color charges. In order to monitor the critical behavior of the deconfinement transition, we define the Polyakov loop susceptibility:
In the thermodynamic limit, a second order transition is characterized by the following critical exponents:
Here ξ is the Polyakov loop correlation length. Assuming the Ising model universality with the SU(2) deconfinement transition, β ≈ 0.325, γ ≈ 1.24 and ν ≈ 0.63. Finite size scaling theory [31] is used to extract these exponents. Thus, the peak of the L-susceptibility on a lattice of spatial extent N σ is expected to grow like χ
where ω = γ/ν = 1.97, for an Ising-like second order phase transition. If the phase transition were to be of first order instead, then one expects the exponent ω = 3, corresponding to the spatial dimensionality [32] . The best determination of these exponents for the SU(2) lattice gauge theory with β a = 0.0 was made by Engels et. al [11] , who found ω = 1.93 ± 0.03, thus verifying the the universality conjecture. We too found ω to be in agreement with this value for small β a but we found [8] ω = 3.25 ± 0.24 for β A = 1.4 on N τ = 2 lattices and 3.13(02) for β a = 1.25 on N τ = 4 lattices. In section 4, we use the finite size scaling techniques to obtain ω using (18) at nonzero β a and large λ.
λ → ∞ AND SELF DUALITY OF THE EXTENDED ACTION
In this section we discuss self-duality of the model (10) in the limit where Z 2 monopoles are completely suppressed. In this extreme λ → ∞ limit the monopole term corresponds to δ-function constraints:
These constraints are the Bianchi identities in the absence of magnetic charges (see (8) and (9)). They can be be trivially solved by introducing Z 2 link fields σ µ (n), such that
The partition function in this limit therefore becomes
The partition function (21) has local SU(2) ⊗ Z 2 gauge invariance:
We now define a new SU(2) field on each link:
Exploiting the SU(2) group invariance of the Haar measure and the Z 2 nature of σ-variables the partition function (21) in terms of new variables is:
Thus we see that (21) and (25) have exactly the same form 8 with β ↔ β a . Therefore, in the absence of Z 2 magnetic monopoles the physics of the extended model is self-dual under the exchange of the fundamental and adjoint couplings. In particular the line of deconfinement transition should also be self-dual.
Due to the SU(2) part of the action in (10), excitations of Z 2 magnetic monopoles cost energy proportional to the length of their world line trajectory. In the context of pure SU(2) lattice gauge theory it has been shown [27] that the probability for the Z 2 monopole excitation on a set of C cubes:
In (26) θ(x) ≡ 1(0) if x ≥ 0 (otherwise) and L 1 , L 2 are constants. This implies that in the continuum limit the Z 2 monopoles will be extremely rare. Therefore, we expect that the continuum physics will remain unaltered by the λ → ∞ limit. In this limit of total suppression of Z 2 monopoles, any odd number of tricritical points, at which the deconfinement transition changes from second to first order, are ruled out by self-duality. One can, of course, have even number of them and Monte Carlo simulations are needed to decide whether they indeed are present. Noting, on the other hand, that i) the line β = β a is invariant under the selfduality transformation, bisecting the positive quadrant, and ii) the results of Ref. [13, 7, 8, 9] yielded just one tricritical point in the positive quadrant of the (β, β a ) plane, it is clear that suppression of Z 2 monopoles will alter the phase diagram in the (β, β a ) plane. We investigate it numerically in the next section. Note that the self-duality arguments of this section also go through for the SU(N) (∀N) extended Villain actions. Now the the plaquette and the link fields σ µν and σ µ take values in the Z N group, i.e., are exp( 2πim N , m = 0, 1, 2.......N − 1). σ c is clearly then complex and the action in (10) will have to be modified by including its real part there. However, rest of the arguments are exactly the same as for the SU(2) case. Again, in the limit of total suppression of Z N monopoles, the physics will be self-dual and in particular, so will be the deconfinement transition line.
RESULTS OF THE SIMULATIONS
The earlier Monte Carlo simulations [7, 8, 9, 13] on N τ =2, 4, 6 and 8 lattices with (1) and its Villain form (5) established the existence of a tricritical point without any doubt. In fact, discontinuities in physical variables were observed to increase very rapidly along the line of first order transitions as the adjoint coupling was increased, hinting at the existence of a single tricritical point in the extended plane. These qualitative features were also predicted by a leading strong coupling expansion. However, the self-duality in the previous section rules out any odd number of tricritical points on the deconfinement line in the (λ → ∞) model which should have the same continuum physics as (1) since, as discussed in the previous section, the Z 2 monopoles are suppressed in this limit. Further, Monte Carlo simulations of SU (2) theory with Wilson action [23] and the SO(3) gauge theory [2] with similar suppression of monopoles in zero temperature studies have shown that the results for large λ are similar to those of usual SU(2) theory. There are interesting bulk transitions for small λ which have been speculated as relevant for understanding the approach to the continuum limit. In this work, we use the monopole term for the mixed action Table 1 : Locations of the deconfinement transition points in the (β, β a ) plane for N τ = 4 and 2 lattices for the Villain action (5) along with its order. The data taken from Refs. [13] . whose extreme cases, namely β a = 0 and β = 0, correspond to the above mentioned examples. Furthermore, we wish to investigate it at finite temperature, where we expect qualitative changes in the phase diagram as argued above. We simulated the model for λ = 10 in order to explore the effects of suppression of the Z 2 degrees of freedom on the deconfinement transition line. Fig. 1 shows some of our earlier results with the original action (1) on N τ =2 and 4 lattices. The first (second) order deconfinement lines are shown with thick (thin) dotted lines. The bulk transitions are drawn with continuous line. The exponent ω was found to clearly distinguish the first order and the Ising-like second order nature since it was in narrow ranges around 3. and 2. respectively. Similar results were obtained by Ref. [13] for the Villain form in (5). Table 1 summarises those results, which we have verified in some cases ourselves by choosing λ = 0.0 in our action (10), as described below. Note that these results share the following features with Fig. 1 : i) Both N τ =2 and 4 results show a tricritical point and ii) the N τ =2 tricritical point is at a higher β a . In fact, the second result was obtained first for the Villain action in [13] and later by us for the action (1) .
The new simulations with (10) were done using heat bath algorithms for updating the SU(2) gauge fields and the Z 2 -fields, σ p . One iteration consisted of a complete sweep of the link variables followed by a full sweep of the plaquette variables. We employed N 3 σ × N τ lattices with N τ = 4, 6 and N σ = 8, 10, 12 and 16. The many different values of N σ were chosen to study the finite size scaling behavior of the theory and to compute the critical exponent ω using (18) , while the N τ values were chosen to monitor the movement of the line of the deconfinement transition with decreasing lattice spacing. Typically we performed 2(1) × 10 5 Monte Carlo sweeps on N τ =4 (6) lattices respectively. We first located the transition point approximately by making a short run at a guessed value and by looking at the Polyakov loop susceptibility χ, given by (14) . Standard histogramming technique [33] was used to extrapolate to nearby β at a given β a . Longer runs were then made at the location of the peak of χ and the process was repeated until the initial run β was close to the final transition point. Only results from the long runs at the final points are reported here. Also shown are points corresponding to the maximum of χ with their errors. These errors were estimated by the jackknife method. The data were divided in bins of equal sizes which were varied and the quoted errors correspond to the bin sizes where the estimated error reached a plateau. One sees that the peak heights are almost constant in β a , and thus naturally lead to similar estimates of ω, in accord with the self duality expectations. Table 2 lists the transition points for N τ = 4 for various spatial sizes and β a . A least squares fit to the logarithms of χ max and N σ gives the critical exponent ω, quoted with its estimated error in Table 2 . Also listed is the result of our simulation of the model at β a =2.0 and λ = 10. One sees that the ω for β a = 0.0 is in good agreement with the Ising model value and the earlier simulations for λ = 0, thereby supporting the notion of the irrelevance of the suppression of Z 2 monopoles in the continuum limit. There does seem to be a small shift in the location of β due to the suppression Table 2 : The values of (β, β a ) on N 3 σ ×4 lattices at which simulations were performed with λ = 10, along with our estimated β c and the exponent ω. The expected value for ω is 1.97 (3.0) if the deconfining phase transition is Ising-like second order (first order). (10) 12 0.305 0.307
but much more precise simulations on larger lattices will be needed to confirm it. If confirmed, it may be suggestive of a smoother continuum limit with the suppression of monopoles. On the other hand, as β a is increased, the simulations with λ = 10.0 show a drastic shift in the location of the transition point which moves rapidly to smaller β, as seen by comparing the first three rows of Table 1 with the results in  Table 2 . There is, of course, no change in the order of the transition: it continues to remain Ising-like second order. On the other hand, plotting the transition points in the (β, β a ) coupling plane, as shown in Fig. 3 , one clearly sees by extrapolation that one may not have any phase transition in the region where previously a first order deconfinement phase transition was found (see Table 1 ). The β run values shown in Fig. 3 for N τ = 4 6nd are for N σ = 8 and 12 respectively, which have the same aspect ration of 0.5. One can see from Table 2 that there will hardly be any shifts if we were to choose the other values of N σ . In order to confront these expectations with numerical simulations, we made runs from hot and cold starts at β a = 3.0 and β = 0.91 on an N σ = 8, N τ = 4 lattice. The evolutions of both the Polyakov loop and the plaquette for both λ = 0.0 and λ = 10.0 are shown in Figs. 4 and 5 respectively. The data were averaged over bins of size 20 to make these plots. For λ = 0.0, the evolution curves reveal the clear first order nature of the deconfinement transition. Our simulation value for β is close enough to the transition point of Ref. [13] to show a really strong first order phase transition. When the effect of the Z 2 magnetic monopoles is suppressed, however, by merely changing λ to 10 while letting all other couplings remain the same, the hot and cold start, for both the plaquette and the Polyakov loop, merge together within 200 Monte Carlo sweeps and then stay together with very little fluctuations. Therefore, the Figs. 4 and 5 show only the first 10,000 sweeps in this case. These Switching over to a larger lattice in the temporal direction, Fig. 6 shows the susceptibility plots for N τ = 6 with N σ =12 and 16 at β a = 0.0 and 1.0 respectively. The values of β where the runs were performed are shown Table 3 , along with the estimated β c and ω. These values are again in good agreement with the 3-d Ising model with ω=1.97. In both the N τ = 4 and 6 cases, the values for ω are very far from three, the value expected for a first order phase transition. These simulations thus give a clear evidence that the tricritical points on N τ = 4 and 6 lattices do not exist anywhere on the extended coupling plane if the Z 2 magnetic monopoles are suppressed. In Fig. 3 we have also plotted the deconfinement transition line for N τ = 6 in the extended coupling plane. We have extrapolated both the deconfinement transition lines to β=0. They are straight lines parallel to each other. Note that the extrapolated critical value of β crit a along the adjoint axis is just the critical value of β crit along the Wilson axis. Thus the self-duality of the deconfinement transition in the absence of Z 2 magnetic monopoles is well respected by the simulations at λ=10. This strongly suggests that the deconfinement boundaries for any N τ will be straight lines making 135 o angles from the Wilson axis.
SUMMARY AND DISCUSSION
Monte Carlo simulations at finite temperature with the mixed action for SU(2), given by (1), or its Villain form in (5) presented us with many riddles. A physical deconfinement phase transition was apparently coincident with a bulk transition for a variety of temporal lattice sizes whereas at least the former was expected to shift around in the coupling plane. The deconfinement order parameter clearly acquired nonzero value in a discontinuous manner at the transition, signalling a first order transition and a tricritical point somewhere in the coupling plane. The trajectory of the tricritical point showed no signs of going away from the expected region of the continuum limit, as the temporal lattice size was increased up to 8. In this work, we have shown that all these riddles are solved by suppressing the Z 2 monopoles. We considered the Villain form with an added chemical potential term for the monopoles, given in (10) , and showed it to have a self-duality in the fundamental and adjoint couplings in the limit of complete suppression of the monopoles. The self-duality can permit only an even number of tricritical points. Our Monte Carlo simulations for λ = 10 for N τ = 4 and 6 show a lack of any tricritical points. We found the deconfinement phase transition to be always second order with Ising-like exponents. Moreover, its trajectory in the coupling plane was found to be a straight line, obeying the self-duality constraint, and moving away from the origin at the same rate everywhere as N τ changed from 4 to 6. These results, supplemented by the expected irrelevance of Z 2 magnetic monopoles in the continuum limit, lead us to believe that universality of the SU(2) lattice gauge theory with the Ising model should remain intact, even for an arbitrary value of the adjoint coupling β a , as the continuum limit is approached.
We have not discussed the bulk transitions, i.e, the solid lines in Fig. 1 and the problems arising due to its overlap with the second order deconfinement transition [8] .
In the past the origin of the bulk transitions has been claimed to be the Z 2 topological degrees of freedom. These, besides Z 2 magnetic monopoles also include the Z 2 electric charges in (7) which are the source of Z 2 vortices [2] . Therefore, it will be interesting to study the bulk transition in the self-dual model (5) where the Z 2 topological degrees of freedom are frozen. A plausible scenario would be that these bulk transitions are due to the condensation of the monopoles whose suppression would then have shifted the bulk transition to deep in the strong coupling region or suppressed them entirely. The presence of a monopole condensed phase for λ = 0, could also be preventing L from becoming nonzero, and thus delaying the deconfinement phase transition until the bulk transition itself on lattices with a large range for N τ . Work is in progress to examine these issues and will be reported elsewhere. The end point of the first order bulk line has been held responsible for a dip in the non-perturbative β-function for SU(N) theories. Indeed, in the case of SU(N) extended gauge theory the end point of the bulk transition in Fig. 1 is found to approach and cross the Wilson axis as the value of N increases. It will be interesting to study whether the suppression of Z N monopoles and the presence of the self-duality in that limit is able to provide a smoother approach to the continuum limit.
